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Abstract

The purpose of this article is to review most recent research on
several kinds of generalized nano open sets in nano topological
spaces, such as: nano a-open set, nano semi-open set, nano pre-open
set, nano b-open set, nano S-open set and nano somewhere dense
set, and then we investigate their implications and properties
equipped with counter examples, in addition, we prove some of their
related properties in special cases of approximations, and discuss
where these class of sets become equivalent.
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1. Introduction

The theory of rough sets was due to Pawlak in 1982 [1], which is
mainly concerned with the approximation of objects using an
equivalence relation on the universe of this approximation space. In
2013 [2] Thivagar and Richard used the ideal of the approximation
space to introduced a nano topological space with respect to a subset
X of an universe U, which is defined in terms of lower and upper
approximations and boundary region, the authors established
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various forms of nearby nano open sets; as nano regular open set,
nano a-open set, nano semi-open set and nano pre-open set, and
they derived some properties under different cases of
approximations. Revathy and liango, in 2015 [3] introduced the
class of nano S-open sets, and studied their characterizations, and
then Nasef and Aggour [4] and Sathishmohani et al [5] investigated
more properies on the class of nearby nano open sets, and they
defined nano S-interior, nano S-closure, and nano S-boundary and
they studied their topological properties and their relations with the
classical nano operators. Nano b-open sets were also studied by
Parimala et al, in 2016 [6], when they provided some of their
characterizations, and recently in 2023, Arwini and Sakah [7]
defined the concept of nano somewhere dense set in nano topology,
and they proved that this notion is equivalent with nano -open set,
therefor they used the propetries of somewhere dense sets to provide
some more properties on nano -open sets.

In the present paper, we review various forms of generalized nano
open sets, such as nano a-open set, nano semi-open set, nano pre-
open set, nano b-open set, nano S-open set and nano somewhere
dense set, where we illustrate their relations, and then we study the
behavior of these generalizations in some special cases regarding
the lower and upper approximations.

The paper is divided into four sections as follows; in section two we
recall the basic concepts in approximation space and in nano
topological space, then in section three we investigate the class of
different generalized nano open sets, and illustrate their relations
and provide the characterizations of these sets in some special cases
in lower and upper approximations, and finally in section four we
present our conclusion.

Nano Open Sets in Nano Topology

Definition 2.1 [1] Let U be a non-empty finite set of objects called
the universe and R be an equivalence relation on U named as the
indiscernibility relation. Elements belonging to the same equvalence
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class are said to be indiscernible with one another, the pair (U, R)
is said to be the approximation space. Let X < U, then:

a) The lower approximation of X with respect to R is the set
of all objects, which can be for certain classified as X with
respect to R and denoted by Ly (X).

i.e. Lp(X) =Uyey {[x]: [x] € X} where[x] denotes the equvalence
class determined by x.

b) The upper approximation of X with respect to R is the set
of all objects, which can be possibly classified as X with
respect to R and denoted by Ug (X).

i.e. Up(X) =Uyxey {[x]: [x] N X # 0}

c) The boundary region of X with respect to R is the set of
all objects, which can be clssified neither as X nor as not -X
with respect to R and it is denoted by By (X).

i.e. BR(X) = U (X) — Lg(X).

Example 2.2 Let U = {x4, x5, ..., xg} beauniverse set,and R be
an equivalence relation on U with the following equivalence classes:
Ey = {x1, %4, %8}, E3 = {x2,x5,x7}, E3 = {x3} and E, = {x¢},

i.e., U/R ={E, E, E3 E}.

If X = {x1,x4,%7}, then: Lg(X) =0

and UR(X) = {xl,xz,x4,x5,x7,x8} = BR(X)

If Y ={x3xg}, then: Lp(X) = {x3}, Up(X) = {xq, x3, x4, X5}
and Br(X) = {xq, x4, xg}.

If Z={x3}, then: Lx(X) = Ur(X) = Z and Br(X) = @.

Theorem 2.3 [1] If (U, R) is an approximation space and X,Y are
subsets of U, then:

i) Lp(X) € X.

i) Lp(@) =0 and Lr(U) =U.

i) Le(X UY) 2 Lg(X) U Ly (Y).

iV) Le(X NY) € Lp(X) N Li(Y).

V) Lp(X) € Lg(Y) and Uxr(X) € Ug(Y) whenever X C Y.
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Theorem 2.4 [1] If (U, R) is an approximation space and X, Y are
subsets of U, then:

i) X < Ug(X).

i) Ur(@) =0 and Uxz(U) =U.

1) Ug(X) S Ug(Y) whenever X C Y.

V) Up(XUY) = Ur(X) U Ug(Y).

V) Ur(XNY) S Uz(X) N UR(Y).

vi) Up(X©) =[Lp(X)]® and Lp(X€) = [Up(X)]°.

Vii) UpUg(X) = LRUg(X) = Ugr(X).

viii) LrLr(X) = UgLgr(X) = Lr(X).

Definition 2.5 [2] Let U be the universe, R be an equivalence
relation on U and X < U with the collection:

TR(X) = {U' @,LR(X), UR(X)'BR(X)}
Then 7z(X)is a topology on U called the nano topology on
U with respect to X, and the pair (U, tz(X)) is called the nano
topological space.

Definition 2.6 [2] Let (U,7z(X)) be anano topological space, then
any element of the collection 74(X) is called a nano-open set
(briefly N -open), while the complement of the nano open set is
called a nano-closed set (briefly N-closed), and the family of all
nano-closed sets in tz(X) is denoted by Fr(X). Note that:

Fr(X) = {U, 8,[Lr (X%, [Ur ()], [Br ()]}

Example 2.7 Let U = {xq, x5, X3, x4, X5 } be a universe set with
equivalence relations on U as follows:

If U/R, = {{x;}:i € {1,2,3,4,5}},thenforany X < U we have:
g, (X) ={U,0,X} and Fp (X) = {U,0,X}.

If U/R, = {U}, thenforany X € U we have:

TRZ(X) ={U,0} = TRZ(X)-

If U/R; = {{x1,x3,x5},{x:},{x,4}} and X = {xq,x,}, then we
have:

Tr, (X) = {U, 0,{x,}, {x1, x2, x3, X5}, {1, X3, x5}} and
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TR3 (X) = {U' @,{Xl, X3, X4, xS}) {X4}, {xZ' X4}}.

Definition2.8 [2] If (U, 7z(X))is a nano topological space with
respect to X where X € U and if A € U, then the nano interior of
A is defined as the union of all nano-open sets of U that is
contained in A, and it is denoted by Nint(A), i.e. Nint(A) is the
largest nano-open subset of A.

Theorem 2.9 [2] In a nano topological space (U, Tz (X)), if F,G are
subsets of U, then:

i) Fisanano open setif and only if Nint(F) = F.

ii) Nint(@) =@ and Nint(U) =U.

iii) If F € G then Nint(F) € Nint(G).

iv) Nint(F) U Nint(G) < Nint(F U G).

V) Nint (F N G) = Nint(F) n Nint(G).

vi) Nint(Nint(F)) = Nint(F).

Definition2.10 [2] If (U,7z(X)) is a nano topological space with
respect to X where X € U and if A < U, then the nano-closure of
A is defined as the intersection of all nano-closed sets containing A,
and itis denoted by Ncl(A),i.e. Ncl(A) is the smallest nano-closed
set containing A.

Theorem2.11 [2] In a nano topological space (U, tz(X)), if F,G
are subsets of U, then:

i) F S Ncl(F).

ii) Fisanano closed if and only if Ncl(F) =F.

iii) Ncl(@) =@ and Ncl(U) =U.

iv) If F < G then Ncl(F) € Ncl(G).

V) Ncl(FUG) = Ncl(F) U Ncl(G).

vi) Ncl(F N G) = Ncl(F) n Ncl(G).

vii) Ncl(Ncl(F)) = Ncl(F).
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Example 2.12 Let U = {x4, x5, x3, X4, x5} be a universe set with
equivalence relation R on U as follows:

U/R = {{x1}, {x2, x4}, {x3,x5}} and X = {xy,x3,x,}, then we
have:

TR(X) = {U, B,{x1}, {x2, x3, x4, x5}} and Fr(X) = tx(X).

If A={x;,x}, B={x3,x4,x5}and C = {x,, x3, x4, x5}, then we
have:

Nint(A) = {x1}, Ncl(A) = U,

Nint(B) = @, Ncl(B) = {x,, X3, X4, X5},

and Nint(C) = Ncl(C) = C.

Theorem 2.13 [2] In a nano topoogical space (U, 7z (X)), we have:
) Ncl(Uz(X)) =U.
i) Ncl(Lr(X)) = [Br(X)]°.
i) Ncl(Bgr(X)) = [Lg(X)]°.
Proof. Direct form Definition (2.6), since
Fr(X) = {U, 8,[Lrg(X)]°, [Ur (XD, [Br(X)]}.

3. Different Generalizations of Nano Open Sets

In this section, we review various forms of generalized nano open
sets, as nano a-open set, nano semi-open set, nano pre-open set,
nano b-open set, nano S-open set and nano somewhere dense set,
where we illustrate their relations, and study the behavior of these
generalizations in some special cases regarding the lower and upper
approximations.

Definition 3.1 [2,3,6] In a nano topological space (U, 7z (X)), then
asubset B in U is called:
a) nano a-open (briefly Na-open) if B € Nint(Ncl(Nint(B)).
b) nano semi-open (briefly NS-open) if B € Ncl(Nint(B)).
c) nano pre-open (briefly NP-open) if B € Nint(Ncl(B)).
d) nano b-open (briefly Nb -open) if B € Nint(Ncl (B)) U
Ncl(Nint(B)).

7 Copyright © ISTJ il sine waball (358
Ayl g o shell 40 sal) Alaall




International Science and Volume 323l B y p el Ao A

Bi:ﬁ ﬁﬁf?ﬂ‘ Part 2 alaal) |_§:F:] %

July 2023 s s

$2023/ 7 /30:¢h ddsad) o W dialy 42023/ 6 /25 fm ki 48l A ol

e) nano B-open (briefly NB-open) if B <
Ncl(Nint(Ncl(B))).

f) nano somewhere dense (briefly NS-dense) if
Nint(Ncl(B)) # @, where B is non-empty set.

NaO(U,X), NSO(U,X), NPO(U,X), NbO(U,X),NBO(U,X)
and NSD (U, X) denoted the families of all nano a-open, nano semi-
open, nano preopen, nano b-open, nano B-open and nano S-dense
subsets of U; respectively.

Theorem 3.2 [3] In a nano topological space (U, (X)), a non-
empty subset A of U is NB-openin U ifandonlyif AN Ugx(X) #
@.

Corollary 3.3 [3] If Uz(X) =Uin a nano topological space
(U, tx (X)), then NBO(U,X) = P(U) .

Theorem 3.4 [7] In a nano topological space (U, 1g(X)), if A isa
non-empty subset of U, then these statements are equivalent:

i) Ais NS-dense.

i) Ais NS-open set.

Theorem 3.5 [4] The implications between nano open sets and the
class of nano generalization open sets are given in this diagram; as
follows:

NS-open set

%

N-open st = Na-open set Nb-open set ==y Np-open set

N
A

NP-open set
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Examples 3.6 Inverse directions in the prevouis diagram are not true
in general, for example suppose U = {a,b,c,d,e} , U/R =
{{a},{b,c},{d},{e}} and X = {a, b}, then:

(X)) ={0,U,{a},{a, b, c},{b, c}}, hence

Fr(X) ={0,U,{d,e},{a,d, e}, {b,c,d,e}}

Therefore:

1. Theset {b,d, e} is Nf-open set but not Nb-open, since
Nint({b,d,e}) = @, Ncl(Nint({b,d,e})) =
@, Ncl({b,d,e}) = {b,c,d,e}, Nint(Ncl({b,d,e})) =
{b,c}and Ncl(Nint(Ncl({b,d,e}))) = {b,c,d, e}.

2. Theset {b} is Nb-open but not NS-open, since Ncl({b}) =
{b,c,d,e}, s0 Nint(Ncl({b})) = {b, c}, while
Nint({b}) = @, so Ncl(Nint({b}) = Q.

3. Theset {a,d} is Nb-open butnot NP-open, since
Ncl({a,d}) = {a,d, e}, so Nint(Ncl({a, d})) = {a}, while
Nint({a,d}) = {a}, so Ncl(Nint({a,d}) = {a,d, e}.

4. Theset{a,b,c,d} is Na-open but not N-open, since
Nint({a,b,c,d}) ={a,b,c}, so Ncl(Nint({a, b, c,d}) =
U, hence Nint(Ncl(Nint({a, b, c,d})) = U.

Definition 3.7 [4] In a nano space (U, tz(X)), a subset C of U is
called Na-closed (NS -closed, NP -closed, Nb -closed and Np-
closed) if its complement is Na-open (NS-open, NP-open, Nb-open
and Np-open; resp).

Theorem 3.8 [4] The implications between nano closed sets and the
class of nano generalization closed sets are given in this diagram; as
follows:
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NS-closed set

N-closed set —= Na-closed set Nb-closed set —» N[f-closed set

NP-closed set

Example 3.9 In the previous example note that: {a,e} iSNS -
closed,{a, c,d, e} isNb-closed,{a, d, e} isNS-closed,{c,d, e} iSNP-
closed and{e} isNa-closed set.

Definition 3.10 [4] In a nano space (U, (X)), a subset C of Uis
calledNo-clopen ( NS -clopen, NP -clopen, Nb -clopen and Np-
clopen) if D and D€ are Na-open (NS-open, NP-open, Nb-open
and Np-open; resp).

Theorem 3.11 [4] N-clopen, Na-clopen, NS-clopen, NP -clopen,
Nb-clopen and Ng-clopen subsets of a nano space (U, tz(X)) are
ordered as follows:

NS-clopen

Y

N-clopen =— Na-clopen Nb-clopen = Np-clopen

NP-clopen

Examples 3.12 In Example (3.6) note that: {a, e} is Nf-clopen, set
{a,d} is Nb-clopen,{a, e} is NS-clopen, and in this example there
are no NP-clopen nor Na-clopen subsets in U, while in Example
(2.12) the sets {x,, x,} and {x,} are NP-clopen set and Na-clopen
in U; respectively.

Theorem 3.13 In a nano topological space (U, 7z(X)), let A be a
non-empty subset of U, then:
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i) if DisN-open set and A is a subset of U such that A € D,
then A is N-open.

i) if D is N-open set and A is a subset of U such that An D #
@, then A is NS-open.

i) if DbeN-open set andAis a subset of Usuch that D € A,
then A is NB-open.

Proof.

i) IfA < Dand D is N-open set, then A € D € Ugr(X), hence
is A intersect Ug (X) and by Theorem (3.2) we get A is NS-
open set.

ii) If D is N-open set and A is a subset of U such that An D #
@, then D € Uiz(X) hence A intersectUg(X), so A is NB-
open.

iii) If D is NB-open set, then D intersect Ui (X), and since A is
a subset of U that contains D, we get A is N3-open.

Corollary 3.14 In a nano space(U, tz (X)) if A and B are two N-
open sets in U, then A U B is also N3-open set.

Proof. Since A is Nf-opensetand A € A U B, and by using (iii) in
the previous Theorem we get A U B is also NS-open.

Example 3.15 The intersection of two Nf -open sets is not
necessarily N -open set, for example the sets{a,d} and {b, d}
areNS-open sets in the nano space given in Example (3.6), but
{d} = {a,d} n {b,d} is not NB-open.

Corollary 3.16 In a nano topological space(U, tz (X)), we have:
i) NBO(U,X)=PU)—{ACU:ACc Ug(X)}.
i) NBC(U,X) = P(U)—{A € U:Ur(X) € A}.
1ii) The family of all Nf-clopen subsets inUis given by:
P(U)—{ACU:ACU(X)or Us(X) € A}
={p}U{ACU:Uy(X) N A # @ andUz“(X) N A # ¢}.
Proof. Direct from Theorem (3.2).
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Remark 3.17 In a nano topological space (U, 7z (X)), any subset of
U is NS-open set or NS-closed set.
Proof. Direct from the previous corollary.

Theorem 3.18 [2] In a nano topological space (U, 7z (X)):
i) ifLrx(X) = ¢, then NaO(U,X) = {@} U{A S U:Ux(X) S

A).
i) if Ug(X) = Lp(X) = X, then NaO(U,X) = {@} U{A C
U: Ly (X) < A).

i) if Up(X) = U and Lg(X) # ¢, then NaO(U,X) =
TR(X) = {U, @, Lg(X), L (X)}.

Corollary 3.19 If Uy(X) =U in a nano topological space
(U,tx (X)), then NaO (U, X) = tx(X).
Proof. Direct form the prevouis Theorem (i) and (iii).

Theorem 3.20 [2] In a nano topological space (U,7z(X)),
NaO(U,X) = NSO(U,X) n NPO(U, X).

Theorem 3.21 [2] In a nano topological space (U, tz(X)):

i) if Lg(X) = ¢ and Ugx(X) # U, then NSO(U,X) = {@} U
{A C U:Uz(X) C A}.

i) If Up(X) = Lg(X) =X, then NSO(U,X) = {9} U{A C
U:Lr(X) S A}

iii) If Uz (X) = U, then NSO(U,X) = tx(X) = {U, o,
LR(X)f LR(X)C}

iv) If Ur(X) # Lr(X), Ug(X) # U and Lg(X) # ¢, then
NSO(U,X) ={U, @, Lg(X),BR(X)}U{A C U:Uzr(X) <
AYU{ACU:A=BULz(X)orA=BU
Bgr(X) where B € Ug(X)‘}.
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Corollary 3.22 If Ux(X)=U in a nano topological space
(U, 1z (X)), then NSO(U, X) = NaO (U, X) = 15(X).
Proof. Direct from Corollary (3.19) and Theorem (3.21) (i) and (iii).

Theorem 3.23 [2] In a nano topological space (U, 7z (X)) if A and
B are two NS-open sets of U, then AU B is also NS-open set.

Example 3.24 The intersection of two NS -open sets is not
necessarily NS-open set, for example the sets {a, d} and {b, c, d}
areNS-open sets in the nano space given in Example (3.6), but
{d} = {a,d} n{b,c,d}isnot NS-open.

Theorem 3.25 In a nano topological space(U, 7z (X)):
i) If Ux(X) = U, then NPO(U,X) = NbO(U,X) = P(U).
i) if Lg(X)=¢ and Uzx(X)#U , then NPO(UX) =
NbO(U,X) ={@}U{A S U:ANUxg(X) # 0}
iii) If Ux(X) = Lg(X) = X, thenNPO(U,X) = NbO(U,X) =
{p}U{A C U: AN Uzx(X) # 0}
Proof.
i) IfUx(X) =U, we have 73(X) = {U, ¢, Lg(X),
Lr(X)¢} = Fr(X), then:
Ncl(A) = Lg(X) wheneve A is a non-empty set such thatA4 <
Lg(X), hence Nint(Ncl(A)) = Lg(X), therefor A is NP-open set,
S0 it is Nb-open set.
Ncl(A) = U wheneve A is a non-empty set such that A N Lz (X) #
@ and AN Lg(X)¢ # ¢, hence Nint(Ncl(A)) =U, therefor A
iIs NP-open set, so it is Nb-open set.
Ncl(A) = Lg(X)€ wheneve A is a non-empty set such thatA <
Lr(X)€, hence Nint(Ncl(A)) = Lgr(X)¢, therefor Ais NP-open
set, so it isSNb-open set.
Hence we obtain NPO(U,X) = NbO(U,X) = P(U).
i) IfLx(X) = ¢ and Uz(X) # U, thentz(X) = {U,0,Ur(X)}
and Fr(X) ={U, 0, Ur(X)¢}, then:

13 Copyright © ISTJ Ak sine qolall (3 s
Al 5 o glall 4 sall dlsall



International Science and Volume 32Md‘ s pohl W05 T
Technology Journal Part 2 aad)

AN
) g  gladl 48 gal) Alnal) July 2023 sals: I S T -J f

Imtrwaational beimrs mad Taviasiags demraal

$2023/ 7 /30:¢h ddsad) o W dialy 42023/ 6 /25 fm ki 48l A ol

Ncl(A) = U wheneve A is a non-empty set such that A € Ui (X),
hence Nin(Ncl(A)) = U, therefor A is NP-open set, so it is Nb-
open set.
Ncl(A) = U wheneve A isanon-empty set such that A N Ug(X) #
@and AN Ug(X)¢ # ¢, hence Nint(Ncl(4)) = U, therefor A
is NP-open set, so it is Nb-open set.
Ncl(A) = U wheneve A isanon-empty setsuchthat A € Ui (X)€,
hence Ncl(A) = Ur(X)¢, so Nint(Ncl(A)) = ¢, therefor A is
not NP-open set. Moreover Nint(A) = ¢, hence Ncl(Nint(A)) =
@, therefor A isnot Nb-open set.
Hence we obtain NPO(U,X) = NbO(U,X) ={@}U{AC U:AN
Ur(X) # ¢}.

i) If Up(X) = Lg(X) = X, then:
in the case when Ui (X) = Lg(X) = X = U then as in case (i) we
have any subset of U is NP-open set, so it is Nb-open set.
In the case when X # U, then tx(X) = {U,®,X} and Fr(X) =
{U,®, X}, hence:
Ncl(A) = U wheneve A is a non-empty set such that A € Ui (X),
hence Nint(Ncl(A)) = U, therefor A is NP-open set, so it is Nb-
open set.
Ncl(A) = Ur(X)€ = X wheneve A is a non-empty set such
that A N Ur(X) # pand A N Ux(X)° # ¢, hence Nint(Ncl(A)) =
¢, therefor Ais not NP -open set. Moreover, Ncl(Nint(A)) =
Ncl(p)=¢, so itis not Nb-open set.
Ncl(A) = U wheneve A is a non-empty set such that A <
Ur(X)€, henc Nint(Ncl((A)) = U, therefor A is NP-open set,
so itis Nb-open set.
Hence we obtain NPO(U,X) = NbO(U,X) ={p}U{AC U:AN
Ur(X) # 0}

Corollary 3.26 In a nano topological space (U,1z(X)), we
have NPO(U,X) = NbO(U,X) = NBO(U,X) = P(U) in these
cases:

Case 1. where Ug(X) = U.
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Case 2. Where Lz(X) = ¢ and Uz(X) # U.
Case 3. where Uiz(X) = Lzx(X) = X.
Proof. Direct from Theorems (3.2) and (3.25).

Theorem 3.27 [6] In a nano space (U,tz(X)) if A and B are
two Nb-open sets (NP-open sets) of U, then AUB is also Nb-
open set (NP-open set).

Example 3.28 The intersection of two Nb-open sets (N P-open sets)
is not necessarily Nb-open set (NP-open set), for example in a nano
topological space given in (3.6):

The sets{a, b,d, e} and {b, ¢, d, e} are Nb-open sets, but {b,d, e} =
{a,b,d,e} N {b,c,d,e} is not Nb-open.

The sets {a,b,d} and {a,c,d} are NP -open sets, but {a,d} =
{a,b,d} N {a,c,d} is not NP-open.

4. Conclusion

This article is devoted to review the class of generalized nano open
sets, as nano a-open set, nano semi-open set, nano pre-open set,
nano b-open set, nano S-open set and nano somewhere dense set,
where we mentioned that nano £-open sets and nano somewhere
dense sets are equivalent in nano topology, in addition we illustrated
the relations between these class of sets, and then we studied the
behavior of these generalization in some special cases regarding the
lower and upper approximations, and proved that nano open set,
nano a-open set and nano semi-open set are equivalent in three
special cases, also nano pre-open set, nano b-open set and nano -
open set are equivalent in these cases.
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